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We present results for the nucleon’s leading-twist spin-independent valence parton distribution functions
obtained from a theoretical framework based on the Dyson-Schwinger equations (DSEs) of QCD that previously
gave an excellent description of nucleon electromagnetic form factors. We employ the rainbow-ladder truncation
of the DSEs and utilize nucleon bound state amplitudes from the Poincaré-covariant Faddeev equation, where
the dominant scalar and axial-vector quark-quark correlations are included. This DSE framework is used to
numerically evaluate the first 20 moments of the valence u and d quark distribution functions, from which the
x-dependence of the distributions is found to be well constrained. We find good agreement with empirical
parameterizations of experimental data and make the prediction that the d/u ratio in the x → 1 limit, invariant
under scale evolution, takes the value d/u → 0.087 ± 0.010. We find that this ratio is rather sensitive to the
strength of axial-vector diquark correlations. However, contrary to a naive expectation, our result for the d/u ratio
in the x → 1 limit does not vanish when only scalar diquark correlations are present, although it is an order of
magnitude smaller than our d/u result that also includes axial-vector diquarks. The valence quark distribution
results are set in a broader context via a simple pion cloud model estimate of sea-quark light-cone momenta and
gluon light-cone momentum.
Introduction: The ongoing quest to measure and understand
the partonic structure of hadrons, e.g., via their electromagnetic
form factors and parton distribution functions (PDFs), will
deepen our understanding of nonperturbative quantum chromo-
dynamics (QCD) and shed light on key emergent phenomena
such as dynamical chiral symmetry breaking (DCSB) and color
confinement. Form factors and PDFs are amalgams of short-
distance perturbative processes and nonperturbative dynamics,
and they challenge our understanding of both aspects and their
interface. The calculation of these observables in a framework
with a well-defined connection to QCD – over all kinematic
domains – has been a long-standing challenge. For example, in
the calculation of spacelike electromagnetic form factors, lattice
implementations of QCD have until recently been limited to
momentum transfers in the range 0 6 Q2 . 1GeV2 [1], and de-
spite new techniques that make calculations up toQ2 ∼ 6GeV2
possible [2, 3], form factors at the significantly higher Q2
values needed to explore the transition to perturbative QCD
predictions [4, 5] remain out of reach. With regard to PDFs,
standard lattice QCD techniques are presently limited to the first
few moments [6], although significant progress is being made
through recently proposed spacelike correlator approaches [7–
13] to directly infer PDF behavior as a function of the intrinsic
light-cone momentum fraction variable x. Nonetheless, the
domains x . 0.2 and x & 0.8 will likely remain a practical
challenge for some time due to difficulties in achieving large
volumes and large hadron momenta on the lattice.
In this work we utilize the Dyson–Schwinger equations
(DSEs) of QCD to calculate the leading-twist spin-independent
quark distribution functions of the nucleon. The DSE frame-
work incorporates numerous key features of QCD, e.g., DCSB,
quark confinement, a running quark mass, and it is applicable
over all kinematic domains and momentum scales since it is
Poincaré-covariant and displays asymptotic freedom. The DSE
approach used here is the same as that employed in Ref. [14] to
calculate and predict the nucleon’s electromagnetic form factors
over the range 0 6 Q2 . 20GeV2, namely, the rainbow-ladder
truncation of QCD’s DSEs, which accounts for the momentum
dependence of propagators generated by gluon exchange. In
other works the DSEs have been used with success to deter-
mine, e.g., the pion’s elastic and transition form factors over
all spacelike momenta [15, 16], pion and kaon distribution
amplitudes [17, 18] and PDFs [19, 20], and a pion generalized
parton distribution [21].
Use of the DSE description of nucleon structure obtained
in Ref. [14] to also determine the nucleon’s valence parton
distribution functions establishes observables from a single
framework for both electromagnetic form factors and PDFs.
This enables inferences to be made with regard to the core
features of the DSE approach to the baryon sector [22] and the
robustness of associated approximations. This is essential in
the baryon sector because some of the simplicities afforded by
meson calculations, as bound states of two dressed-quarks, are
not available for the three-quark sector.
DSE Framework for Nucleon PDFs: In the Bjorken kinemat-
ical limit, the leading-twist spin-independent quark distribution
functions for a quark of flavor q are defined by the explicitly
Poincaré-invariant matrix element [23, 24]
q(x) =
∫
dλ
4 pi
e−ix P ·nλ
〈
P
ψ¯q(λn) /nψq(0) P〉c (1)
in Minkowski metric, with the light-like longitudinal vector
given by nµ = (1, 0T , −1) in the target rest frame, and with the
nucleon Dirac spinor having normalization u¯(P) u(P) = 2mN .
The DSE approach is based on equations that couple n-point
Green functions and does not easily accommodate the Wilson
line that needs to be included in Eq. (1) to enforce strict color
gauge invariance. In light-cone gauge (n · A = 0) the Wilson
line is formally unity [23]; however, a practical implementation
of the DSE approach has historically implied the choice of
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Figure 1. The Poincaré-covariant Faddeev equation which describes
the nucleon as a bound state of three dressed quarks. Here, the
quark-diquark approximation is made explicit, where the single line
represents a quark propagator and the double-line a diquark propagator.
The object Γ is the homogeneous Faddeev vertex, ξ is the diquark
Bethe-Salpeter vertex, and ξ is its conjugate. The shaded rectangle is
the Faddeev kernel.
Landau gauge. As this work requires a series of results for
nonperturbative elements such as quark and gluon propagators,
quark-quark correlation amplitudes, and nucleon bound state
amplitudes, we adopt these elements from previous studies
which have provided good descriptions of many meson and
nucleon properties [25], including confirmed predictions for
nucleon electromagnetic form factors [14, 26]. We therefore
postpone the challenge of a rigorous treatment of the Wilson
line, noting that in the DSE framework a Wilson line can
be formulated as a t-matrix equation and that in at least one
estimate [27] the numerical impact on leading-twist PDFs was
found to be small.
We use the solution of the Poincaré-covariant Faddeev equa-
tion [28, 29] in the form obtained in Ref. [14] to describe
nucleon structure. In principle this integral equation sums all
possible interactions among the three dressed quarks, including
irreducible 3-quark interactions. The inherent numerical prob-
lems are rendered tractable through limitation of the Faddeev
kernel to two-body interactions, use of the rainbow-ladder
truncation of QCD dynamics, and then approximating the
quark-quark scattering t-matrix in the separable form [14, 30]
tD(`, `′,K) = ξD(`) τD(K) ξ¯D(`′), (2)
where ξD(`) is the quark-quark (diquark) homogeneous Bethe-
Salpeter amplitude for a diquark of type Dwith relative momen-
tum ` between the quarks, ξ¯D(`′) is the conjugate amplitude,
and τD(K) is the effective diquark propagator with momen-
tum K . Such a separable approximation is of long-standing
utility [28, 30] and has been shown to capture the essential
physics of a number of baryon observables [22, 31, 32]. The
Faddeev equation, with the quark-diquark approximation made
explicit, is illustrated in Fig. 1. In this representation the
momentum-dependent Bethe-Salpeter amplitudes ξD(`) and
ξD(`) influence the dissociation and rearrangement of corre-
lated quark pairs in the various diquark channels D. More
detailed forms of these quantities and of the Faddeev amplitudes
are discussed later and given in Ref. [14].
Through use of the rainbow-ladder DSE truncation and the
consequent nucleon Faddeev amplitudes of the quark-diquark
type, the leading-twist valence quark distributions defined by
Eq. (1) can be represented by the three diagrams illustrated in
Fig. 2. Here the operator insertion (wavy line) on each quark
line having momentum k has the form δ (k · n − x P · n) /n,
ΓΓ
ΓΓ
ξ ξ
ΓΓ
ξ
ξ
Figure 2. The three dominant diagrammatic mechanisms for the
nucleon’s quark distribution functions when the bound state dynamics
is described by a quark-diquark approximation. The elementary
operator insertion on a quark line, as described in the text, is represented
as a wavy line. The double line is the diquark propagator, the small
shaded circles are the diquark Bethe-Salpeter amplitudes, and the
larger shaded ovals are the nucleon’s Faddeev amplitudes. Top panel:
illustrates diagram 1 which is described by Eq. (5). Center panel:
illustrates diagram 2 which is described by Eqs. (6), (7) and (8).
Bottom panel: illustrates diagram 3 which is described by Eq. (9).
with P the 4-momentum of the nucleon.1 The diagrams in
Fig. 2 were also found to be the dominant contributions to
the nucleon’s electromagnetic form factors [14] and tensor
charge [33], and we label them as follows: diagram 1 describes
the coupling to a quark with a diquark correlation as spectator;
diagram 2 describes the coupling to the quarks in a diquark
correlation; and diagram 3 describes the coupling to a quark
that is exchanged from one diquark correlation to another.
The PDF contributions from the diagrams in Fig. 2 carry
different flavor weights which reflect the isospin of the quark
and diquark in each diagram such that
uv(x) = f (1)S (x) +
1
3
f (1)
A
(x) + f (2)
S
(x) + 5
3
f (2)
A
(x)
+
1√
3
f (2)
S↔A(x) −
4
3
f (3)
A
(x) − 2√
3
f (3)
S↔A(x), (3)
dv(x) = 23 f
(1)
A
(x) + f (2)
S
(x) + 1
3
f (2)
A
(x) − 1√
3
f (2)
S↔A(x)
+ f (3)
S
(x) + 1
3
f (3)
A
(x) − 1√
3
f (3)
S↔A(x), (4)
1 In principle two other diagrams appear, the so-called seagull terms [14], in
which the operator insertion is on a quark interior to a diquark correlation
amplitude just before or after a quark is exchanged with another such
amplitude in the diagram given in the lower panel of Fig. 2. However, such
contributions are at the percent level, so we do not include them in this work.
3where the superscript (1, 2, 3) labels the diagrammatic mech-
anism, the subscripts S, A, or S ↔ A label the diquark cor-
relations involved, and fS↔A denotes the off-diagonal sum
fS→A+ fA→S . Note that for zero momentum transfer the opera-
tor /n cannot cause a transition between a scalar and axial-vector
diquark; thus, for spin-independent PDFs f (2)
S↔A(x) = 0.
The DSE approach is formulated with Euclidean metric,
analogous to lattice QCD, and therefore a direct calculation
of a light-like correlation function such as q(x) in Eq. (1) is
difficult, although a potential solution within the DSE approach
is provided by the Nakanishi representation [34]. In this work
we use the moment method to evaluate the diagrams in Fig. 2
and thereby determine the nucleon’s leading-twist valence
quark distribution functions. We define the moment m of a
PDF q(x) by 〈xm〉
q
≡
∫ 1
0 dx x
m q(x). In the DSE framework,
any number of moments can be determined, and therefore the
PDFs can be reconstructed to high precision.
With the quark-diquark approximationmade here, the explicit
expression for the moments of diagram 1 is very similar to the
meson case [17, 35], and the resulting valence quark moments
for a quark of flavor q are given by:
〈
xm
〉(1)
q
= − 1
2 P · n
∑
D
I(1)q,D
∫
k
(
k · n
P · n
)m
ΓD(p, P)
[
n · ∂kSq(k)
]
τD(P − k) ΓD(p, P), (5)
where
∫
k
≡
∫
d4k/(2pi)4, k is the momentum of the struck
quark, P is the nucleon momentum, p ≡ k − P/3 is the relative
momentum between the quark and the diquark, and Sq(k) is the
dressed quark propagator of flavor q. The quantity ΓD(p, P) and
its conjugate ΓD(p, P) are the nucleon’s Faddeev amplitudes
which describe the relative momentum correlation of a quark
and diquark D, and τD is the effective diquark propagator.
The quantities I(1)q,D are the flavor coefficients that describe
the isospin coupling weights for finding a quark of flavor q
in a nucleon with the configuration of diagram 1, given the
isospin of the diquark configuration D. These coefficients can
be read from Eqs. (3) and (4). In this work we restrict the
sum over the diquark correlations D to the dominant scalar
(JP = 0+,T = 0) and axial-vector (JP = 1+,T = 1) diquark
channels D = S, A respectively. Finally, for the dressed vertex
on the quark line we assume that the δ-function in the operator
can be directly applied to the dressed quark and subsequently
use the Ward identity to write S(k) n · G S(k) = −n · ∂kS(k),
where n · G is the dressed inhomogeneous vertex with driving
term i/n. Such an approximation has proven to be an accurate
representation [19, 20], as it is exact in the limit of an infrared
dominant kernel [36] and preserves baryon number.
The valence quark moments for diagram 2, shown in Fig. 2,
are given by a loop integral over diquark momentum K of an
integrand having two factors: 1) the PDF moments for a quark
within the diquark, and 2) the resulting PDF moments of the
diquark as if it was an elementary constituent of the nucleon.
The first factor is〈
zm
〉
q/D = −
1
2K · n
∫
k
(
k · n
K · n
)m
ξD(`)
[
n · ∂kSq(k)
]
Sq′(K − k) ξD(`), (6)
where ` = k − K/2 is the relative momentum between the
quarks. We ignore a possible dependence of these moments
upon K2; this is accurate because the domain of support from
the Faddeev amplitudes is heavily weighted to the deep infrared
region. Therefore,
〈
zm
〉
q/D can be factored out of the integral
over K and the remaining quantity can be expressed as〈
ym
〉
D/N = −
1
2 P · n
∫
K
(
K · n
P · n
)m
ΓD(p, P) Sq′(P − K)
[
n · ∂KτD(K)
]
ΓD(p, P), (7)
where the quark-diquark relative momentum is p = 2/3 P − K .
Diagram 2 thus yields the final form〈
xm
〉(2)
q
=
∑
D
I(2)q,D
〈
zm
〉
q/D
〈
ym
〉
D/N, (8)
where the flavor factors I(2)q,D for the diagrammatic contributions
can be read from Eqs. (3) and (4). For each term, this product
of m-dependent factors is exactly what one would obtain from a
convolution q(2)(x) =
∫
dydz δ(x − z y) qD(z) fD/N (y), where
qD(z) is the quark distribution inside the diquark and fD/N (y)
can be interpreted as the diquark light-cone distribution inside
the nucleon.
For diagram 3, shown in Fig. 2, the moments are given by
〈xm〉(3)q = − 12 P · n
∑
D′,D
I(3)q,D′,D
∫
k′
∫
k
(
k · n
P · n
)m
ΓD′(p′, P)Sq′′(k ′′) τD′(P − k ′′) ξD′(`)[
n · ∂kSTq (k)
]
ξD(`′) Sq′(k ′) τD(P − k ′) ΓD(p, P), (9)
where k is the momentum of the struck quark which is ex-
changed between two diquark correlations, the relative mo-
mentum between the quark and diquark in the nucleon’s initial
and final Faddeev amplitudes are given by p = k − P/3 and
p′ = k ′ − P/3, respectively, and `, `′ are internal relative
momenta of the diquark amplitudes ξD and ξD . Momentum
conservation at the vertices determines all momenta in terms
of k and k ′.
Faddeev Amplitudes and PDF Moment Calculations: For
the diquark Bethe-Salpeter amplitudes ξD(`) we employ the
dominant Dirac covariant in each case. Hence ξS(`) =
iγ5 FS(`2) C and ξA(`) = γ5γTµ FA(`2) C, where the scalar
functions FD(`2) are given in Ref. [14], C = γ2 γ4 is the charge
conjugation operator, and superscript T indicates transverse to
diquark momentum K . The Faddeev amplitudes from Ref. [14]
are employed and they have the form
ΓD(p, P) = GD(p, P) u(P),
=
∑
m
im Tm(z) ΓD,m(p, P) u(P), (10)
4where p is the quark-diquark relative momentum, p · P =
|p| |P | z, and Tm(z) are the Chebyshev polynomials of the first
kind. The Dirac matrix amplitudes have the structure
ΓD,m(p, P) =
8∑
i=1
λi(p, P) Ai,m(p2, P2), (11)
where the covariants λi(k, P) are defined in Ref. [30], with
two of them applying when the diquark correlation is a scalar
and six when it is in an axial-vector configuration. For ex-
ample, the scalar pair are (λ1, λ2) = (1,−i/pT ), while two of
the axial-vector covariants are (λ3, λ4) = (Pµ,−i/pT Pµ) where
pµT = p
µ − PµP · p/P2. The conjugate Faddeev amplitude is
defined by
ΓD(p, P) = u¯(P)GD(p, P), (12)
where GD(p, P) = [C−1 GD(−p,−P)C]T . The conjugate ver-
tex can then be expanded in a similar manner to ΓD(p, P) in
terms of the Chebyshev polynomials of the first kind.
In Ref. [14] the invariant amplitudes associated with the
various quark and diquark propagators, along with the diquark
Bethe-Salpeter amplitudes, were represented as phenomenolog-
ical forms in terms of the entire functions F (x) = (1 − e−x)/x,
where x = p2/ω2 with p the momentum variable and ω the
range. These parameterized forms for light quark propagators
and diquark Bethe-Salpeter amplitudes are well established
and well constrained by many successful studies of the asso-
ciated light-meson masses and form factors [32, 37], and they
implement the dependence on the dominant mass scales of the
subsystems and the leading ultraviolet power behavior.
To consider more recent dynamical input in the present and
future work, we compared these elements with direct numerical
evaluations of propagators and diquark Bethe-Salpeter ampli-
tudes from the rainbow-ladder DSE interaction of Ref. [38]
in the manner that has proved successful for meson proper-
ties [17]. The resulting numerical elements were used here in
two ways: 1) directly in computing the three PDF diagrams,
and 2) as a basis for refitting the entire function forms and
employing them. Our findings are that the results presented
here do not change in any significant aspect. We note that
Faddeev calculations [22] of baryon masses and decays that do
not employ a separable t-matrix approximation indicate that
the separable approximation typically gives a 5% accuracy.
To check our calculations we employ Nakanishi-style spec-
tral representations [34] of all momentum-dependent elements
for the case of scalar diquarks only. This enables the use of
algebraic results for Feynman integrals since all denominator
factors are powers of quadratic forms multiplied by numera-
tors that have low powers of momenta. This approach has
proved to be very efficient for simpler cases such as for meson
parton distribution amplitudes [17, 20], parton distribution
functions [20, 35], and form factors [15, 16]. For realistic
nucleon calculations, the Feynman integral approach is much
slower and less efficient due to the necessary numerical inte-
gration over four or five Feynman parameter variables for every
combination of the many Nakanishi fit parameters.
In the calculation of the PDF moments, integrals of the form
fm(P · n) =
∫
d4k (k · n)m F(k2, k · P) are encountered, which
naively appear divergent for large m. However, because of
Lorentz covariance and the fact that n2 = 0, sufficient factors
of k · P (i.e. derivatives with respect to k) are contributed by
F(k2, k · P) to render such integrals convergent. The numerical
convergence can be slow, so we adopt a method that proved
effective formoments ofmeson distribution amplitudes [39, 40]:
a factor (1 + λ k2)−m is added to the integrand for a series of
finite λ and the results extrapolated to λ→ 0.
Results: Our results for the moments of the proton’s leading-
twist spin-independent valence quark distribution functions,
uv(x) and dv(x), are illustrated in Fig. 3. These results are
obtained via numerical evaluation of the diagrams illustrated
in Fig. 2. Our full results, which include both scalar and axial-
vector diquark correlations in the nucleon Faddeev equation,
are illustrated by the open circles in Fig. 3, whereas the open
triangles correspond to a nucleon with only scalar diquark
correlations. In both cases the zeroth-moments of the u- and
d-quark valence PDFs are normalized so that baryon number
is conserved, that is,
〈
x0
〉
u
= 2 and
〈
x0
〉
d
= 1.
When both scalar and axial-vector diquark correlations are
present, the scalar correlation dominates by contributing 70%of
the strength. This has important implications, e.g., in the flavor
separation of the nucleon form factors [31, 41] and PDFs [42].
With only scalar diquark correlations, diagram 1 dominates
and contributes only to u(x); diagram 2 contributes equally to
u(x) and d(x), while diagram 3 is least important, contributing
only to d(x). Fig. 3 makes clear that axial-vector diquarks have
a significant impact on the moments of the d-quark distribution
function, providing significant strength at large-x, whereas for
the u-quark PDF axial-vector diquarks slightly shift strength
away from large-x. A key result seen in Fig. 3 is that the
large (m & 12) moments for both uv(x) and dv(x) – with and
without axial-vector diquarks correlations – are very accurately
described by a PDF of the form q(x) ∼ Nxa (1 − x)5. This is
illustrated by the solid lines which are a fit to the 12 6 m 6 19
moments of the associated PDF, clearly demonstrating the
preference for a (1 − x)5 behavior of the PDFs as x → 1.
To convert our results for the PDF moments into functions
of x with support 0 6 x 6 1 we perform a chi-squared fit of
the function
x qv(x) = N xa(1 − x)5
(
1 + b
√
x + c x
)
(13)
to the moments given in Fig. 3, and since the large-x behavior
clearly favors (1 − x)5 we fix this exponent beforehand. A
fit to the moments of uv(x) gives N = 30.59, a = 2.510, b =
15.52, c = −11.26 and for dv(x) we obtain N = 7.071, a =
1.7887, b = 14.33, c = −14.42. Because the higher PDF
moments are much smaller than the leading moments this
parametrization is accurate on the domain 0.2 . x . 0.7, and
as wewill see, an accurate determination of the large-x behavior
requires a more careful analysis of the higher moments.
Most models of hadron PDFs do not incorporate a specific
dependence upon resolving scale; hence the inherent model
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Figure 3. Results for the valence u- and d-quark PDF moments 〈xm〉
for two cases, the first where both scalar and axial-vector diquark
correlations are included (open-circles), andwhere only scalar diquarks
appear in the nucleon (open-triangles). The m < 20 moments are
calculated by evaluating the diagrams in Fig. 2, whereas the displayed
moments with m > 20 are extrapolated by fitting the 12 6 m 6 19
moments with the form N xa (1−x)5 and then extrapolating tom > 20.
In both scenarios, S only and S + A, baryon number is conserved.
scale must be deduced outside of the model. Here the model
scale µ20 is determined so as to produce the best fit of the valence
u-quark distribution, after DGLAP evolution, to the empirical
NNPDF 3.0 NLO results [43] at a scale of µ2 = 5GeV2. This
gives µ20 = 0.14 GeV
2. Our results for uv(x) and dv(x) at a
scale of µ2 = 5GeV2 are shown in Fig. 4 and compared to
the NNPDF 3.0 NLO empirical parametrization [43]. We find
quite reasonable agreement. A clear outcome is that the d
quark is softer than the u quark due to the 70% dominance of
scalar diquark correlations which isolate the d quark inside
a light scalar diquark. At large x our results lack strength
when compared to the empirical parametrizations. This is a
consequence of the (1 − x)5 behavior of our results as x → 1,
whereas the empirical results are closer to the QCD counting
rule expectation of q(x) x→1' (1 − x)3 [44–46].
Our large-x behavior can be understood by first considering
the relation F2(x) ∼ Q2 |F1(Q2)|2, derived in Ref. [49] and valid
for very largeQ2 with fixedW2 ∼ Q2 (1− x). Here, F2(x) is the
nucleon’s inclusive scattering structure function and F1(Q2) is
its elastic electromagnetic form factor. In QCD one expects the
behavior F1(Q2) ∼ (Q2)−ns , where ns is the minimum number
of spectator partons, because the large Q initially transferred
to one quark from the incident photon can only connect a
three-quark state having soft internal relative momenta to
another such state through successive gluon exchanges between
a minimum of ns quark pairs. The linking quark propagators
do not scale with asymptoticQ due to the mass-shell constraint
on the final nucleon state. Therefore, the earlier relation leads
to the Drell-Yan–West relation [44, 45] F2(x) ∼ (1 − x)2ns−1
which implies q(x) x→1' (1 − x)3.
Key to obtaining this result is that the qq correlation t-
0.0 0.2 0.4 0.6 0.8 1.0
x
0.0
0.2
0.4
0.6
x 
q v
(x
) u quarks
d quarks 2 = 5.0 GeV2
DSE (S + A)
DSE (S only)
NNPDF
Figure 4. Results for the u and d valence quark distributions in
the proton, evolved from the model scale of µ20 = 0.14GeV
2, to
µ2 = 5.0GeV2 using NLO DGLAP evolution [47? ]. The solid curve
is our full result which includes both scalar and axial-vector diquarks,
and the dashed curve is our result with only scalar diquarks. The
dotted curve is the empirical NLO result from NNPDF 3.0 [48].
matrix is given by one-gluon exchange in the ultraviolet limit
of QCD. However, in our calculation we use a separable
approximation for the qq t-matrix, which always introduces
a product of two Bethe-Salpeter amplitudes, and therefore
the separable t-matrix scales as 1/(q2f q2i ) rather than as a
single gluon propagator 1/(qf − qi)2 where qf , qi are the final
and initial relative momenta of the qq pair. Since the final
correlated pair involved in mitigating the high Q can have
a soft final state relative momentum, the net result in the
separable case is that F2(x) ∼ (1 − x)4ns−3. Therefore, the
separable approximation qq t-matrix necessarily leads to a large-
x behavior of q(x) x→1' (1 − x)5. We therefore find the result
that, while being reliable for numerous observables [14], the
quark-diquark approximation for the nucleon necessarily breaks
down for PDFs in the extreme ultraviolet limit associated with
x → 1. Nevertheless, results for PDF ratios can be considered
reliable in this limit because the leading power behavior cancels
in the ratio.
d/u Ratio at Large-x: Extracting the x → 1 behavior of
the PDFs requires a careful analysis of the high moments.
In particular we find that at least five
〈
xm
〉
q
moments with
m > 12 are required to accurately extract the exponent and
normalization of the PDFs as x → 1. To determine the
d(x)/u(x) ratio on the domain 0.9 . x 6 1 we accurately
fit the 〈xm〉q moments for m = 12, . . . , 19 to the function
q(x) ' N xa (1 − x)b , whose moments are proportional to the
Euler beta function B(1 + a + m, 1 + b). This fit indicates a
clear preference for b = 5. This is true not only for the u and
d PDFs overall but also for each component of the diagrams
that appear in Eqs. (3) and (4), except for f (3)
S↔A(x). Therefore,
contrary to naive scalar diquark dominance models [50], we
do not find a power suppression of the d-quark distribution
relative to the u-quark distribution as x → 1; for the d/u
ratio with only scalar diquarks, we find the small but finite
60.6 0.7 0.8 0.9 1
0
0.05
0.10
0.15
0.20
x
d
(x
)/
u
(x
)
DSE (S + A)
DSE (S only)
CJ15
µ2 = 10.0GeV2
Figure 5. DSE result for d(x)/u(x) at a scale of µ2 = 10GeV2. The
dashed curve is the scalar diquark only result and our full result
including axial-vector diquark correlations is given by the solid curve.
The shaded area is the CJ15 empirical result [51]. Note the DSE scalar
diquark only result does not vanish as x → 1, contrary to naive model
expectations [50].
result d(x)/u(x) x→1= 0.011 ± 0.003, where the error reflects
numerical uncertainties in the moments of the PDFs and the fit
procedure.
As Fig. 3 demonstrates, axial-vector correlations have a
dramatic impact on the high moments of the d-quark PDF. The
aforementioned fit to the moments for the complete scalar and
axial-vector calculation gives our full result for the d/u ratio:
d(x)/u(x) x→1= 0.087 ± 0.010, (14)
which is about eight times larger than the pure scalar diquark
result. Again, the error reflects numerical uncertainties in the
moments of the PDFs and the fit procedure. The value of the
d/u ratio in the limit x → 1 is scale invariant, and our DSE
result compares well with the most recent analysis from the
CTEQ–Jefferson Lab collaboration (CJ15) [51], which find
d/u = 0.09± 0.03. We note that this present DSE result for the
direct calculation of the d(x)/u(x) ratio as x → 1 takes a value
roughly one-third of that of an earlier DSE estimate based on
a flavor breakdown of the proton’s elastic Dirac form factor
obtained at the infrared dominant point Q2 = 0 [52, 53].
In Fig. 5 we present our results for d(x)/u(x) over the
domain 0.6 6 x 6 1 at a scale of Q2 = 10GeV2 and compare
them with the CJ15 result [51]. To construct the ratio in this
domain, we have taken the result of the fit of Eq. (13) to all
moments, and used the produced ratio at x . 0.7 with smooth
interpolation to the x & 0.9 result produced by the specialized
fit to the m & 12 moments. Again, for our full S + A result,
we find excellent agreement with CJ15 for x & 0.7. The
flattening of the d/u ratio above x ∼ 0.8 reflects the increasing
dominance of the (1 − x)5 component, and this factor cancels
increasingly in the ratio as x → 1.
Anti-quark and Gluon Momentum Fractions: To assess
how these valence quark distribution function results might
fit into a broader view of the nucleon’s PDFs, we estimate
the light-cone momentum fraction carried by sea-quarks at
the model scale through a simple pion cloud model. A key
feature of the DSE approach is that it contains explicit gluon
degrees of freedom, which give rise to inter alia running quark
masses and (relative) momentum dependent Bethe-Salpeter and
Faddeev amplitudes. For PDFs at the model scale this implies
that the dressed quarks do not carry 100% of the light-cone
momentum of the nucleon; the remainder is carried by gluons.
The DSE approach is also Poincaré-covariant and respects
momentum conservation; therefore we use the momentum sum
rule to estimate the momentum fraction carried by gluons. For
a nucleon composed of only valence quarks and with only
scalar quark-quark correlations, we find
〈
x
〉
g
= 0.015; thus
gluons carry only 1.5% of the nucleon’s light-cone momentum.
However, for our full result which also includes axial-vector
quark-quark correlations, we obtain
〈
x
〉
g
= 0.16, and hence
gluons carry 16% of the light-cone momentum at the model
scale µ20 = 0.14GeV
2. These results are summarized in the
first two rows of Tab. I, together with the light-cone momentum
fractions carried by the quarks.
It has long been known that the observed flavor asymmetry
of the sea-quarks – at least for low moments – is qualitatively
explained by the pion cloud mechanism [54, 55]. More gen-
erally, within a meson-baryon virtual fluctuation model that is
phenomenologically successful [56], the pion cloud mechanism
introduces Fock space components piα + Nα to the proton with
probability Z , and leads to quark distribution moments given by〈
xm
〉
q
= (1 − Z) 〈xm〉
q/p
+ Z
∑
α
Iα
[〈xm〉q/piα/p + 〈xm〉q/Nα/p] , (15)
where 〈xm〉q/V/p is the quark PDF moment within the proton’s
virtual component V = piα, Nα, which in line with the convolu-
tion picturewe approximate by 〈xm〉q/V/P = 〈xm〉q/V 〈xm〉V/P .
All pion and nucleon quantities that enter the right-hand side
of Eq. (15) are “bare” and can be interpreted as quark-core con-
tributions to the pion and nucleon states, and here we include
the pi0– p and pi+– n components of the proton which enter
with isospin probabilities of I0 = 13 and I1 =
2
3 , respectively.
In this simple pion-cloud model the sea-quark asymmetry
is given by
〈
x0
〉
d¯
− 〈x0〉
u¯
= 23 Z , and therefore any finite Z
produces an asymmetry. To constrain Z we use the Gottfried
sum rule [57] result from Ref. [58]:
SG = 0.244 ± 0.045 ' 13 −
2
3
[〈
x0
〉
d¯
− 〈x0〉
u¯
]
, (16)
which by taking the central value implies Z = 0.20.2 Therefore
the probability of finding a bare proton, without a pion cloud, is
80%. Results for the zeroth moments of the PDFs then take the
simple form:
〈
x0
〉
u
= 2 + 16 Z ,
〈
x0
〉
d
= 1 + 56 Z ,
〈
x0
〉
u¯
= 16 Z ,
and
〈
x0
〉
d¯
= 56 Z . These expressions clearly satisfy baryon
2 The empirical Gottfried sum rule result used here is valid for 1.5 6 Q2 6
4.5GeV2, and this scale evolution should be taken into account when
determining Z. However, given the qualitative nature of the pion cloud
model we ignore this evolution, however in practice it would slightly increase
our value for Z.
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〈
x0
〉
u
〈
x0
〉
u¯
〈
x0
〉
d
〈
x0
〉
d¯
〈
x
〉
u
〈
x
〉
u¯
〈
x
〉
d
〈
x
〉
d¯
〈
x
〉
g
S µ20 2 0 1 0 0.764 0 0.221 0 0.015
S + A µ20 2 0 1 0 0.596 0 0.243 0 0.161
S + A + pi µ20 2.034 0.034 1.168 0.168 0.550 0.0025 0.278 0.0124 0.156
S + A + pi 5.0GeV2 − − − − 0.265 0.0244 0.145 0.0289 0.478
NNPDF 3.0 5.0GeV2 − − − − 0.307 0.0302 0.148 0.0362 0.444
Table I. Results for the m = 0, 1 parton moments from the valence only calculation (first two rows) and from the extension via the pion cloud
model (third row) at the model scale µ20 = 0.14GeV
2. The gluon light-cone moment fractions are inferred from the momentum sum rule. The
fourth row presents our full results evolved to µ2 = 5GeV2 to be compared to the NNPDF 3.0 [43] empirical results in the fifth row. We do not
give m = 0 results for the evolved PDFs because the small-x behavior of these distributions under DGLAP evolution make this difficult to
determine. For PDFs at µ2 = 5GeV2 a small amount of light-cone momentum is also carried by s + s¯ + c + c¯, which is generated by the DGLAP
evolution equations.
number conservation, and our numerical results are given in
the third row of Tab. I. For the light-cone momentum fractions
this simple pion cloud model gives〈
x
〉
u
= (1 − Z) 〈x〉
u/p
+ 13 Z
[〈x〉u/p + 2 〈x〉d/p] (1 − mpimN ) + 512 Z mpimN , (17)〈
x
〉
d
= (1 − Z) 〈x〉
d/p
+ 13 Z
[〈x〉d/p + 2 〈x〉u/p] (1 − mpimN ) + 112 Z mpimN , (18)〈
x
〉
u¯
= 112 Z
mpi
mN
,
〈
x
〉
d¯
= 512 Z
mpi
mN
, (19)
where, as in Ref. [56], we take 〈x〉pi0/p ' 〈x〉pi+/p = mpimN
and 〈x〉p/p = 〈x〉n/p = 1 − mpimN , and assume that the dressed
quarks carry all the momentum of the pion. Our numerical
results for the light-cone momentum fractions at the model
scale of µ20 = 0.14GeV
2 are given in the third row of Tab. I.
The fourth row of Tab. I presents the model scale results from
row four, evolved using NLO DGLAP evolution to the scale
µ2 = 5.0GeV2, and these are to be compared to the empirical
fit to experiment in the fifth row [43]. The simple pion cloud
model, coupled with our DSE results, gives a qualitatively good
account of the light-cone momentum fractions carried by the
quarks and gluons in the nucleon.
Summary: The core features of the leading-twist spin-
independent valence quark distribution functions of the proton
are – for the first time – determined within a realistic DSE frame-
work. Importantly the nucleon Faddeev amplitudes contain
contributions from the dominant scalar and axial-vector di-
quark correlations with momentum-dependent Bethe-Salpeter
structure. The x-dependence of the PDFs is extracted from
twenty moments calculated within a rainbow-ladder truncation
of the DSEs of QCD. The DSE framework used here is the
same as that employed in Ref. [14] to calculate and predict the
nucleon’s electromagnetic form factors. We find that scalar
diquark correlations are dominant but that axial-vector quark-
quark correlations still have a dramatic impact on the behavior
of the PDFs, particularly for the d-quark distribution from
moderate-to-large values of x. We compare our DSE results
with the empirical NNPDF parameterizations at a scale of
µ2 = 5GeV2, finding good agreement. We conclude that the
present DSE framework has captured the various mass-scales
that dominate the underlying QCD dynamics for leading-twist
spin-independent PDFs.
The large-x behavior of the PDFs is analyzed in detail. We
find that the PDFs on the domain 0.9 . x 6 1 can be well
constrained if the m = 12, . . . , 19 moments are accurately
known, and in the x → 1 limit we make the prediction that the
d/u ratio takes the value d(x)/u(x) x→1= 0.087 ± 0.010. This
result includes contributions from both scalar and axial-vector
diquark correlations in the nucleon Faddeev amplitude. If only
scalar diquark correlations are included, we still find that each
of the three dominant diagrammatic mechanisms yield the same
leading power-law behavior as x → 1, and therefore with only
scalar diquarks we find a small, finite result for the end-point
d/u ratio, namely, d(x)/u(x) x→1= 0.011 ± 0.003. This result is
in contrast to the standard scalar diquark dominance argument
which suggests zero for this ratio at x → 1 [50]. These
DSE results now provide a foundation from which to pursue
investigations of higher-twist and spin-dependent PDFs, along
with transverse momentum dependent parton distributions.
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